The model of magnetorheological polishing fluid flow has been developed in the form of a jet formed in the gradient magnetic field in the gap between the workpiece and the instrument of a polishing facility. The model allows one to determine the shape of the transverse and longitudinal sections of the jet and the pressure acting on the workpiece surface being polished, while accounting for the known configuration of the gap and magnetic field strength distribution. The appearance of the nose surf and the stern concurrent wave producing an additional pressure drop in the workpiece-instrument gap has been established. The solution of the Navier-Stokes equation in the approximation of lubrication for magnetorheological polishing fluid with boundary conditions accounting for the action of inertial forces has shown that in the inlet section of the gap the pressure drop is positive, and the velocity profile is almost flat near the workpiece, whereas closer to the outlet from the gap, the pressure falls below the atmospheric pressure. The pressure is maximum at the forward edge of the workpiece, as in the case of the well-known phenomenon of hydroplaning.
Introduction
The magnetorheological polishing fluid (MRPF) used when applying the technology of hydrodynamic removal of material from optical and semiconducting workpieces in finishing polishing is a suspension consisting of relatively large ferromagnetic microparticles, as well as nanoand micro-sized abrasive particles in a carrier fluid (Kordonski and Jacobs, 1996) . The particles are practically not subjected to Brownian motion, the energy of which is much smaller than the energy of their magnetic interaction that forms aggregates and structures (Magnetorheological Fluid, Lord Corporation, n.d.) in a magnetic field. In this case, the approach based on the classical notions does not presuppose the possibility of applying the continuous medium laws, in particular, of the Navier-Stokes equation describing the hydromechanics of such fluid media. However, in view of the absence of other methods for describing the motion of quasicontinuous media with a periodic structure present in a flowing MRPF, we adopt this assumption similarly to the methods used for modeling hydromechanical processes in colloidal magnetic fluids (Berkovsky, 1993; Fertman, 1988) . The motion of an MRPF in a polishing facility was studied in a number of works, including DeGroote et al. (2007) , Feng et al. (2000) , Jacobs et al. (1999) , Kordonski et al. (2006) , Kordonski and Gorodkin (2011) , and Shafrir et al. (2007) , in the approximation of an ''ordinary'' plastic lubrication for a creeping flow without account for inertia forces. Its rheological behavior is described by the Shvedov-Bingham linear viscoplastic law (equation of state) with the values of pressure drops being taken from experimental data. It is shown that the pressure increases linearly to a maximum along the workpiece-instrument gap.
It turned out that the lower boundary of the Bingham core of flow near the forward edge of the workpiece is independent of the magnitude of the yield point, whereas the upper boundary near the rear edge of the workpiece is independent of the flow velocity, which is not confirmed by experimental data. The full theoretical investigation of this problem requires the solution of modified Reynolds equations (Landau and Lifshitz, 1969) , which leads to very cumbersome expressions and compels the researchers to restrict themselves to only accounting for the Bingham core.
This work is devoted to modeling the MRPF motion in the workpiece-instrument gap of a polishing facility with successive allowance for inertia forces in refining approximations.
At the first stage, the flow is studied with the aid of the Cauchy-Lagrange integral accurate to empirical coefficients of inertia, resistance, and narrowing of the gap. The lubrication approximation together with the equation of a creeping flow with allowance for the inertia forces and pressure drop obtained in the first approximation and of the continuity equation in the form of the MRPF flow rate conservation law yield the velocity profile in the region of shear flow and the boundary of the Bingham core.
We will carry out a more detailed consideration, but with account for inertia forces and with the use of the Cauchy-Lagrange-Bernoulli integral.
Pressure distribution of MRPF in the workpiece-instrument gap of a polishing facility
The characteristic features of the removal of material from the surface of a polished workpiece by an MRPF jet in the workpiece-instrument gap (channel) of a polishing facility depend on the distribution of pressure p(x) along it.
As a result of the collisions occurring in the flow, the MRPF particles of density r and viscosity h acquire a random component of motion with the energy that they had in an inhomogeneous magnetic field. Let us consider a segment of the element of flow volume bounded by the surface of cross sections DS 1 and DS 2 moving with velocityṼ under the action of pressure drop rp = P and mass forcef =g +f m equal to the sum of the gravity force and magnetic force with potential energy density u = rðg + f m Þy, with the dissipative losses being assigned here by stress tensor s ik .
The MRPF pressure distribution over the gap is given by the energy conservation and transformation law (Loitsiansky, 1973) in the form of the CauchyLagrange integral
The second term in the left-hand side of equation (1) represents the rate of decrease in kinetic energy due to the work of dissipative forces. The right-hand side represents an energy flux through the surface of the segment of the MRPF tube of flow bounded by two sections.
Let us assume that in a steady-state flow the lefthand side of the equality vanishes, since the kinetic energy increment is compensated by its dissipative decrease. The power of dissipative forcesṼŝ is proportional to the squared velocity of jet flow
where k 2 h is the coefficient of viscous losses. For the segment of the pipe of MRPF flow between the cross sections DS 1 and DS 2 , the energy transformation is described by the equatioñ
With allowance for the mass conservation law at u 1 = u 2 , this equation takes the form
The channel formed by the workpiece and the instrument (only the zone filled with MRPF is considered) and having length L converges along the flow, since the workpiece is tilted at an angle b to the instrument at the inlet in the direction of the velocity vector of the polishing fluid flow. The magnitude of the gap between the workpiece and the instrument l(x) at distance x from the inlet section with a gap of size l 0 is equal to
The workpiece is partially immersed in the MRPF moving with velocity V 0 = const.
In the section of the tube of MRPF flow near the front edge of the workpiece, DS 1 ðx 1 Þ, the mean velocity is
Compare the incoming flow on contact with the barrier-a workpiece-at the critical point near the forward edge of the barrier with coordinate x 1 separated into two jets: upward and downward (Taketomi and Tikadzumi, 1993) . The first jet consists of two parts.
One of them rises to height Dy determined by the Bernoulli equation between sections DS 1 ðx 1 Þ and DS 0 ðx 0 Þ. Section DS 0 ðx 0 Þ is removed backward to point x 0 of the contact between the jet and the instrument prior to the entry into the gap. At this point, the MRPF velocity is equal to the linear velocity of instrument rotation V at atmospheric pressure p o . The second jet flows downward from the workpiece to the instrument, which creates the reverse flow near the frontal edge and swirling.
The potential energy
of the element of tube flow u = rg Ã y determines, in Bernoulli equation (7), the rise in the fluid level in front of the forward edge of the workpiece to the height
and creates the excess pressure
as well as the forward surf-an elevation in the MRPF flow surface in front of the forward edge of the workpiece. For sections DS 1 ðx 1 Þ and DS 2 ðx 2 Þ at the rear edge of the workpiece, the mass conservation law yields
The Cauchy-Lagrange integral in this case is reduced to the equality
which shows that the pressure of the rear edge of workpiece p 2 is smaller than that at forward edge p 1
Near the middle of the length of the workpiece k h '1, the pressure attains the maximum
In the inlet section of the channel, between the workpiece and the instrument, a positive retarding pressure drop develops that causes the return flow near the workpiece surface. The velocity profile in this zone becomes close to a plane one.
Calculation of the MRPF pressure and velocity distribution in the lubrication theory approximation
A more detailed information on pressure distribution in the channel can be obtained by solving the equation of motion (13) in the approximation of the lubrication theory (Schlichting, 2003) with allowance for the rheological law assigned by the equation of state, in particular, by its simplest type-the Shvedov-Bingham viscoelastic model (13)
where t 0 is the yield stress point and h b is the plastic Bingham differential viscosity of the fluid. The apparent (or effective) viscosity in the Bingham model depends on the shear rate and is replaced by the average over the range of flow layer velocities. The substitution of this averaged expression into equation (13) yields an equation of creeping flow applied in the lubrication approximation (Schlichting, 2003) 
where in the given case I 2 = _ g 2 is the second invariant of the deformation rate tensor. The substitution of this expression into equation (14) yields an equation that describes the region where the shear stress exceeds the yield point. The action of inertia forces is taken into account by supplementing the equation of motion (13) with external pressure drop P 0 caused by the formation of the surf:
Integration of the equation of motion at a constant velocity yields an expression for pressure drop P 0 and for the velocity in the inlet section of the flow near the workpiece edge where V x ðx 0 ; l 0 Þ = 0
In the workpiece-instrument gap in the approximation of a creeping flow, the velocity is defined according to the equation of motion. The velocity profile in the region of shear flow is obtained in the form differing from that obtained in the approximation of lubrication due to the allowance for the inertia forces (Schlichting, 2003) , that is
The determination of the position of the plastic core in the MRPF flow requires the solution of the full Navier-Stokes equation (19) which has not been found analytically even for a stationary flow of viscoplastic fluids. Thereafter, the calculation was performed for high velocities in the approximation of lubrication with allowance for the inertia forces by supplementing the drop (equation (12)). The pressure gradient P is determined by the MRPF flow rate conservation law expressed in integral form (Schlichting, 2003) as
Integration yields the dependence of pressure p(x) on coordinate x reckoned from the front edge of the workpiece The condition of flow rate conservation
The drop in total pressure P is defined by differentiation of expression (16) that yields the dependence
The pressure maximum is observed in the region located at distance x h from the channel inlet where the gap size is equal to
The substitution of b 1 (x), b 2 (x), and Q into equation (18) results in the dependence differing from that obtained in the lubrication approximation (Loitsiansky, 1973) by the presence of the term P 0 L and by the terms involving P 0 and expressing the influence of inertia, in particular, of the surf
where (20) is close to the combination of a straight line of negative sloping with the parabola whose apex is directed upward, located with a shift at p 0 + P 0 L relative to the origin of the OX-axis on the forward edge of the workpiece. As is seen from formula (19), at x = 0 at the channel inlet, pressure p(0) = p 0 + P 0 L is higher than the atmospheric one. At x = L at the outlet from the channel, pressure pðLÞ = p 0 À P 0 L is lower, that is, the level of the MRPF is lowered behind the workpiece, and a concurrent wave originates. The results of calculation of pressure distribution along the channel obtained with the aid of the Mathcad 2000 are presented as the plot of the dependence of P(x) and velocity profile on coordinate x below (Figure 1) .
In the calculation, we used the following values of the parameters: channel length L = 0.02 m, gap width l o = 0.002 m, the angle of inclination of the instrument to the workpiece b = 0:02, the linear speed of instrument rotation U = 5 m/s, the pressure drop produced by the surf P 0 = ð2h b V Þ=ðl 2 0 Þ = 10 4 Pa=m, and h = 0.5 poise is the MRPF viscosity determined from the experimental curves of flow (plots of flow shear stress vs. shear rate).
As is seen from Figure 2 , there is a maximum in an MRPF at small angles of inclination of the workpiece to the instrument. It is seen from comparison of dependences 1 and 2 that on increase in the slope angle from b = 0.02 to b = 0.03, the pressure maximum shifts to the rear edge of the workpiece. The shape of the velocity profile of ShvedovBingham fluid (16) at x \ x l* when P . 0 is determined by the sum of the parabola shifted downstream and the straight line of the negative slope dependence. Near the workpiece surface at its forward edge, the velocity turns to be negative. The return flow originates and a vortex is formed; the velocity profile approaches the plane one. At x . x *l , when P \ 0, the profile is the superposition of the parabola reversed from the origin of reckoning and shifted downstream by value U and the straight line of smaller negative slope, since the coefficient at the first exponent of the variable y in expression (18) decreases and no return flow originates. The profile becomes convex to the side of the flow velocity vector (Bibik, 1981) . Near the instrument, due to the flow conservation, the profile becomes closer to the Poiseuille one, where there is the yield point near the apex and at considerable magnetic field strengths there appears the second Bingham core, moving at the velocity of the instrument.
Calculation of pressure distribution and velocity profiles in nonlinear viscoplasticity MRPF in polishing facility
The determination of the characteristic features of the nonlinear viscoelastic MRPF in a narrow gap (channel) between the workpiece and the instrument in a polishing facility, in particular, determination of the velocity profile and pressure distribution along the workpiece length with allowance for the difference between the rheological law of MRPF and linear Bingham one is made by solving a system of equations with account for the dependence of viscosity on the shear rate.
The MRPF flow in a plane channel in the case of shift of one of the channel's walls is determined by the experimental dependence tð _ gÞ-the shear stress versus the shear rate presented in Figure 3 -and is described according to Mokeev et al. (2014) by the full rheological law tð _ g; HÞ = t c ðHÞ
0 is the integral of interaction force between the particles versus distance between them, s the contact square of the particles, R the particle radius, m the particle mass, h 0 the viscosity without field, H the intensity of magnetic field, and J(H) the flux density
The formation of the plastic nucleus of MRPF flow is determined by the limit t 0 . For the Bingham yield stress, there corresponds the value t 1 0 .t 0 obtained in crossing the straight line tangent to the graph of the rheological law between the local maximum corresponding to the bond energy of the particles in the aggregates and the local minimum corresponding to the complete destruction of the aggregate with the stress axis (Figure 3) .
Since the full rheological law that exactly describes the experimental rheological dependence of shear stress on shear rate of concentrated MRPF does not coincide with the Shvedov-Bingham linear law, it is necessary to calculate the velocity properties of the MRPF flowing in the workpiece-instrument gap using the solution of the parabolized Navier-Stokes equation preserving the inertia compounds and accounting for the exponential dependence of effective viscosity on the squared shear rate. There are the basic equations given as below: 
Navier-Stokes equation
The continuity equation
In the narrow channel, between the workpiece and the instrument, of length L and width l(x) due to the flow rate conservation Q, the velocity along the channel is approximately constant as compared with the varying velocity profile over the cross section
where V 1x is the average velocity.
According to continuity equation (22), the transverse velocity varies over the gap width. The mean transverse velocity V y of the MRPF, with allowance for the impermeability of the channel walls, is written as
that is, the second Navier-Stokes equation (21) is reduced to the condition p = const, that is, the constancy of pressure across the gap. The first part of equation (21) takes the form of a parabolized equation similar to that of the boundary layer (Schlichting, 2003; Shulman et al., 1986) r V x dV x dx + V y dV x dy = À dp dx
The influence of the inlet section on the channel flow is taken into account by pressure drop P 0 = dP=dx that balances out the pressure drop originating at the nose surf.
The fluid layers that preliminarily had the velocity higher than that of instrument V 0 are retarded, whereas those with a smaller velocity are accelerated. In a steady-state flow, the partial forces disappear and the flow becomes creeping according to the equation
The integration of this equation subject to equation (24) yields the velocity profile in the form of the dependence
At the inlet of the channel, y = l 0 , and the velocity profile V x ðx 0 ; y 0 Þ = 0 and 0 = ððPÞ=ð2hÞÞ Á l 2 0 À ðP=hÞÁ l 2 0 + V 0 ; P 0 = ðð2hV 0 Þ=ðl 2 0 ÞÞ A pressure gradient of the flow appeases and decreases along the length of the workpiece
At other points along the channel cross section, the velocity profile gives equation for the initial condition for solving the equation of motion (23).
For the inlet cross section x 0 of the channel, the velocity profile is assigned by the solution of the NavierStokes equation (24) without inertia terms, that is, for a creeping flow (Schlichting, 2003) with account for the pressure drop arising under the action of the inertia forces. The equation of motion in this zone is transformed to an ordinary differential equation for the vector of transverse velocityṼ y with variable coefficients (Bondarev et al., 1993) which are represented as
It is solved numerically together with equation (23). When the transverse velocity profile of MRPF v = V y is determined in the inlet cross section of the channel (at the first integration step), the longitudinal velocity is calculated at the next step V x ðx + DxÞ at the known V y ðyÞ = vðyÞ by the solution of equation (23) which in the notation convenient for numerical solution
takes the form
Equation (29) is represented by the finite-difference equation over the rectangular uniform grid with the step along the channel d À x = x 0 + jd and with the step over the cross section y = ih with the number of steps n. The origin corresponds to the point on the instrument surface in the inlet section of the channel. The initial width of the channel is l 0 = nh.
The velocity profiles are determined numerically with the aid of Mathcad 2001 and are presented graphically as the dependence of velocity on coordinate y along the cross section normally to the flow of the gap for sequence j of transverse sections from the inlet to the outlet (Figure 4) .
The following values of the parameters were used in the calculation: channel length L = 0.002 m, gap width l o = 0.002 m, inclination angle of the instrument to the workpiece b = 0:005, linear velocity of instrument rotation V 0 = 0.1 m/s, the gradient of the pressure produced by the surf P 0 = 2 Á h Á V 0 =l 2 0 , and h = 0.15 Pa s. At high magnetic field strengths H at which the energy of the magnetic interaction of the particles in an aggregate is much greater than the energy of quasithermal motion, these graphs have two plane portions corresponding to the Bingham core, relatively slowly moving near the workpiece, and to the core adhering to the moving instrument. The MRPF jet in the gap is similar to two plane tapes. One moves together with the instrument, and the other slips along it with intermediate velocity. The difference in the profiles is attributed to the convergence of the gap. The appearance of a strongly gradient interlayer of the MRPF near the workpiece favors the rapid removal of the material from the surface by sharp faces of abrasive particles.
The maximum of pressure p corresponding to the zero pressure drop along the length of the workpiece (assigned by the discretization steps j; Figure 5 ) shifts to the rear edge of the workpiece with an increase in the viscosity of the MRPF and to the forward edge, when its slope angle increases. At low magnetic field strengths H at which the energy of magnetic interaction of the particles in an aggregate is comparable with the energy of quasithermal motion, these graphs ( Figure 6 At magnetic field strengths H at which the energy of magnetic interaction of the particles in an aggregate is much larger than the energy of quasi-thermal motion, these graphs (Figure 4 ) have two plane portions corresponding to the Bingham core slowly moving near the workpiece and to the core adhering to the moving instrument.
As the test task, we calculated the velocity profiles at a constant Newtonian viscosity. The result is presented in Figure 7 .
Corresponding to the reverse flow are the lower graphs in Figure 7 with negative velocity values.
It agrees with the result obtained above in the lubrication approximation in that a return flow originates at the inlet to the channel near the workpiece.
It is seen that under the action of pressure drop, the velocity profiles become almost Poiseuillean. The pressure drop originating under the action of the nose surf leads to the appearance of reverse flow near the leading edge of the workpiece visible as negative velocity values on the lower profiles.
Conclusion
The study of magnetorheological suspensions flow in the workpiece-instrument gap of a magnetopolishing facility has been carried out with allowance for inertia forces and for the influence of the operational parameters of flow. The use of the Cauchy-Lagrange integral with account for dissipation energy losses has shown that in the convergent gap in its inlet section, the pressure gradient arises along the flow and the inverse one in the outlet section. Therefore at small inclination angles the pressure maximum is near the inlet of the gap. At large inclination angles, the pressure maximum shifts to the rear edge of the workpiece. The velocity profile and pressure distribution in the gap, determined by the solution of the Navier-Stokes equation in the lubrication theory approximation with account for the additional pressure drop caused by the action of inertia forces, show that two Bingham cores of flow must appear: near the instrument surface and near the workpiece surface.
The numerical solution of the parabolized NavierStokes equation with the viscosity exponentially dependent on the squared shear rate has shown that the MRPF flow in a convergent workpiece-instrument gap represents the movement of two quasi-plastic layers. One adheres to the instrument and the other slips between the first layer and the workpiece separated from them by liquid Couette interlayers. Also possible are variants of MRPF flow corresponding to the use of magnetic particles of high concentration at a considerable magnetic field strength when one layer is drawn between the liquid interlayers.
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